Chapter 6

Pensions

6.1 The budget conditions of the pension fund

The pension fund covers three types of pensions: retirement pensions, spouse pensions and
disablement pensions. For each type, premiums and pensions are calculated so that the dis-
counted present value of forecasted contributions and costs for the type of pension in question
are equated from the point of view of the pension fund. To be specific, consider the individual
member j. This individual enters the pension fund at the age of af and as long as the in-
dividual is not disabled or dead he or she pays contributions to the retirement pension and
premiums to the spouse pension and disablement pension. If the member is not disabled and
has not died prior to the retirement age af the member retires and receives retirement pension
until death. If the member becomes disabled before the retirement age a disablement pension
is initiated. This disablement pension runs until the death of the member and is financed by
premiums paid prior to disablement. Furthermore, both disabled and non-disabled (i.e. act-
ive) members pay premiums throughout the entire life to a spouse pension, which is initiated
in case of the members death, and which runs until the death of the surviving spouse. It is

assumed that no individuals are older than a” years.

The following subsections state the ”budget conditions” that should hold for the premiums
and for each type of pension to be actuarially fair. In stating these budget conditions we let

F, [-] denote the forecast operator giving the forecast made by the pension fund at age a.!

In the presentation below we shall focus on a representative generation, i.e. individuals of the

"'We avoid the use of E[-] which may be confused with the (mathematical) expectation operator because,
as shown in the next section, forecasts are deliberateiylglade to be different from actual expectations.
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same age. In DREAM there are individuals of different generations in each time period and
therefore explicit reference has to made both with respect to time and age. When focusing
only on a representative generation in the following, however, we shall suppress the index of
time, since there is a unique linkage between time and age for any given generation. Time
will be invoked only when defining the bonus, which is the same for all generations in a given

time period.
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Figure 1

6.1.1 Retirement pensions

Members who are disabled receive a life-long disablement pension beginning in the period
following the ocurrence of disablement. Although disablement pensioners may formally have
their status changed to retirement pensioners at some age, the actual retirement pension is just
a continuation of the disablement pension. We shall therefore refer to this type of members as
disablement pensioners regardless of age and we shall restrict the use of the term retirement

pension to non-disabled members who retire due to age.

The following two subsections state the budget conditions associated with retirement pension
for both retired and non-retired members. The reason why a budget condition is needed
for non-retired members, for whom no actual pension needs to be calculated, is that the
pension fund each period has to calculate a forecasted retirement pension, the so-called pension
undertaking, which forms the basis for calculating disablement and spouse pensions and various

insurance premiums.
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R

The actual retirement age of member j, aj*, is the decision of the individual member but

retirement must take place at age af® at the earliest and all members must be retired at
age a. In addition, there is a formal retirement age a”, where af® < aft < a*E. af is
used by the pension fund to forecast retirement age. In addition the formal retirement age
is important because members of age a* and older are no longer covered by the disablement
pension insurance, even if they are not yet retired. Because of this, no disablement pension
premiums are paid after the age of a’* — 1, and when stating the budget conditions a distinction

R

therefore has to be made with regard to whether the member is younger than a'* or not.

Non-retired members

Consider member j who is a years old, where af < a < min [af,aR} that is, the member
is not retired and has not passed the formal retirement age. The budget condition for this

member states that:

a; < a < min [af, aR} :
3 af—l y B
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where

is beginning-of-period (exclusive of interest) assets related to the annual
retirement pension for the non-retired invidual j at age a.

j’a

flfglN is beginning-of-period (exclusive of interest) assets related to the
one-time initial retirement pension for the non-retired invidual j at age a.
Qjy is the gross contribution (premium) paid by member j at age y.
is the disablement pension premium paid by member j at age .
’ is the spouse pension premium paid by the non-retired member j at age y.
Li(7) is the after-tax interest rate in the time period where the member is 7 years old.
bf . is the one-time initial retirement pension, which may be chosen by member j at the

beginning of retirement, i.e. at age af

bE is the annual retirement pension to member j at age y.
iy is the spouse pension premium paid by the retired member j at age .
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The left hand side of eq. (6.1) consists of accumulated retirement pension assets plus the
discounted sum of forecasted present and future net retirement pension contributions for the
individual in question. Annual net contributions are given as the gross contributions, g¢;,,

. . . . . SN
minus the insurance premiums to disablement and spouse pensions, q]Dy +4q;, -

The first term on the right hand side of eq. (6.1) is the forecasted present value of the one-
time pension, Bfaf, which the member may choose to recieve at the time of retirement. The
second term on the right hand side consists of the discounted sum of forecasted retirement
pensions and spouse pension premiums, bfy + quyR, made in the periods in which the member
in question is retired. The premiums to the spouse pension appear as payments from the
pension fund to the member after retirement because retired members do not directly pay
for the spouse pension insurance. Since retirement pensioners are still covered by the spouse
pension insurance, the premium is implicitly paid by the pension fund and may therefore be

considered as part of a ”gross” retirement pension from the fund.?

Equation (6.1) therefore requires individual accumulated retirement pension assets plus fore-
casted future net contributions to be equal to forecasted future gross retirement pension re-

ceipts.

For the non-retired member of age a where a? < a < af there is no disablement pension

coverage, and thus the budget condition thus reads:

R R.
a’ <y<aj:

R

ajfl y
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Which is the same as eq. (6.1) except that no disablement pension premiums are subtracted

from gross contributions on the left hand side.

In additon to egs. (6.1) and (6.2) we have a specific budget constraint for one-time intial

R

20f course no spouse pension premium is paid at the last possoble age, a”, but for ease of exposition qia

is included at all ages. When calculating qf’aR below it is set equal to zero at age a®.
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retirement pension, which reads:

F R .
a; §y<aj.

R
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where g;,,, which is part of gross contributions, g;,, is the specific payment to the one-time

initial retirement pension. This condition just states that accumulated assets associated with

the one-time pension plus the value of forecasted present and future contributions (the left

hand side) should equal the forecasted present value of said pension.

It should be noted that assets and contributions associated with the one-time retirement
pension are included in the over-all budget conditions of eqs. (6.1) and (6.2) while at the same
time there is a specific budget constraint for the one-time pension. This is because eqs. (6.1)

and (6.2) are later to be used for calculating the pension undertaking, which by definition is

B,N 1B,N
) _I_Aa

calculated using total retirement pension assets, A, e

i.e. the pension undertaking is

calculated as if there will be no one-time retirement pension.
Retired members

For the just retired non-disabled individual j of age a, we have two budget conditions:

SR iB.R _ 7 S \-1
a=aj : dj A" = b (1+ i) (6.4)
and
a = af .
al y
B,R 5 iB,R S.R . 1
AZE 4 (1= df ) AT = |3 (08, + a5 TT (0 + i) (6.5)
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where, in addition to variables already defined:

dfa is a variable equal to 1 if member j chooses to recieve a one-time initial

retirement pension at age a.
ff is beginning-of-period (exclusive of interest) assets related to the
one-time retirement pension for the retired invidual j at age a.
AfglR is beginning-of-period (exclusive of interest) assets related to the

annual retirement pension for the retired invidual j at age a.
Eq. (6.4) states that the discounted value of the one-time pension (the right hand side) should

equal accumulated assets related to the one-time pension, if the member chooses said pension,
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ie. if Jf = 1. The discounting on the right hand side is due to the fact that flf(;R on the left

hand side is measured exclusive of interest at age a.

Eq. (6.5) states the budget constraint associated with the annual retirement pension. The left
hand side is given by accumulated assets, which include one-time retirement pension assets if
the member has chosen not to receive the one-time pension. The right hand side consists of
the discounted present and forecasted future expenses associated with the annual retirement
pension. These expenses are given by the retirement pension itself and by premiums to the

spouse pension insurance.

It should be noted that assets for a retired member, i.e. Af(’lR and flf;lR have a superscript R

iB,N
A

whereas assets for the non-retired individual in egs. (6.1), (6.2) and (6.3), i.e. Af "V and el

B

have a superscript N. For a given individual A; R and Aﬁ’lR are of course strictly related

to (values at previouos ages of) Af;lN and Aﬁ’tN but the distinction has to be made because
DREAM includes only average pensions instead of individual pensions. Since members do not

all retire at the same age we need to be able do distinguish between assets for retired and

non-retired members.

For a continued annual retirement pension, i.e. for a member of age a where af <a<a" we

have

al

Y
af <a<d :ADF=F, > (bfy + qf’f> [T +i) (6.6)

y=a T=a

This condition is similar to eq. (6.5) except that assets associated with the one-time pension

are no longer relevant.

6.1.2 Spouse pensions

This section presents the principles (budget constraints) behind the calculation of spouse
pension insurance premiums and the actual spouse pensions. Spouse pensions are given by a
life-long annual pension and (potentially) by a one-time amount, which initiates the spouse

pension.

When initiated, the annual spouse pension is defined in terms of either the actual pension of
the deceased member (in case the member was either retired or disabled) or, if the deceased

member was non-retired, in terms of the pension undertaking. As a result, we need to state
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budget conditions for spouse pensions associated with all three types of members, and in case
the member is either disabled or retired we even have to keep track of when disablement
or retirement took place, because pensions will be depending on this. However, for all three
types of members, the basic principles behind the calculations are exactly the same, and except
for the presentation of notation, the reader is therefore adviced to focus on only one of the

following three sub-sections.

Spouses of non-retired members

Premiums Consider non-retired member j who is a years old where a <a< af. In case
member j dies before turning a + 1 years old and in case there is a living spouse, a spouse
pension for the spouse called® j is initiated at the age* y + 1 and this pension runs until the
death of the spouse. For the spouse pension premium paid by member j at age age a to be

actuarially fair it must be the case that

F R .
a; §a<aj

¢ = Fy (B3N, (1 +irasn) + Z b H (1 +iyn) " (6.7)
y=a+1 T=a+1

where, in addition to variable already defined,

qf;lN is the spouse pension premium paid at age a by the non-retired member j.

chfil is the one-time initial spouse pension, which (together with the life-long annual pension) :
the spouse pension to the a + 1 year old widow/widower j whose late spouse was
non-retired member j.

nys is the at age s initiated life-long annual spouse pension to the y year old spouse )

who is the widow/widower after the non-retired member j.

The left hand side of eq. (6.7) is the spouse pension premium paid by member j to cover the
costs of the spouse pension which is initiated in case the member does not live to become a+ 1

years old.

The right hand side of eq. (6.7) is the forecasted value of the total present value cost associated
with this spouse pension. The cost consists of the sum of the one-time pension and the life-long

annual pension.

3Depending on the context we use j either to denote the spouse of member j or j to denote the late member
associated with spouse j.
Tt is assumed that both spouses are of the same age.
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For the premium to be actuarially fair it should be equal to the forecasted costs. Since death
may occur at all ages, eq (6.7) must hold for each age a, af <a< af, at which member j is

alive and not retired (or disabled).

It should be noted that the calculation of the premium follows the normal principle of insurance
in that the premium paid by each member in each period is meant to cover the entire forecasted
cost associated with the spouse pension in case of the member’s death before the following
period. If the member does not die the money is ’lost’ and in the following period a new
premium will be paid in order to cover the forecasted cost associated with the member dying

before the next period.

Pensions Now consider the individual j who is a years old and experiences his or her first
period as a spouse pensioner after a non-retired member. In the calculation of the spouse

pension the budget condition requires that:

F R .
a; <a§aj.

al y
AZSN = F, [0 (14 it(a))_l + Z by H (1+ it(T))_l (6.8)
y=a

T=a

where, in addition to variables already defined:

B,S,N
A‘77

e is beginning-of-period (exclusive of interest) assets related to the spouse

pension for individual j of age a who first received spouse pension at age s and
whose late spouse was a non-retired member.

Eq. (6.8) requires that assets (the left hand side) equal the forecasted value of total discounted
present and future costs associated with the spouse pension. The costs consist of the one-time
initial pension (the first term on the right hand side) and expences to the life-long annual

spouse pension (the second term on the right-hand-side).

For the continued spouse pension, i.e. for a spouse pensioner who is a years old and experienced
the first period as a spouse pensioner at age s < a the budget condition reads:

af+1<y§aL:

al y

AT = Fy (D b T (0 + inry) |, a>s (6.9)

y=a T=a
Eq. (6.9) is identical to eq. (6.8) except for the fact that there is no one-time initial spouse

pension.
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For a given spouse pensioner eq. (6.8) or (6.9) should hold at each age at which the pensioner

is alive.
Spouses of retired members

Premiums Consider retired member j who is a years old where af < a < a*. For the

spouse pension premium paid by member j age age a to be actuarially fair it must be the case

that
af <a< at
S,R 7SR SR .\l
@7 = F 008 (1 i) + Z R (1 + i) (6.10)
y=a-+1 T=a+1
where
qf;lR is the spouse pension premium paid at age a by the retired member j.
b?j’a}il is the one-time initial spouse pension, which (together with the life-long annual pension) -
the spouse pension to the a 4+ 1 year old widow /widower 7 whose late spouse was
retired member j.
i;fs is the at age s initiated life-long annual spouse pension to the y year old spouse )

who is the widow/widower after the retired member j.
Just as eq. (6.7) above eq. (6.10) requires the premium to be equal to the forecasted total
cost associated with the spouse pension in case of the member’s death. Eq (6.10) should hold

for each age a, af < a < a, at which member j is alive.

Pensions In the calculation of the spouse pension individual j who is a years old and
experiences his or her first period as a spouse pensioner after a retired member the budget

condition requires that:

af<a§aL

B,S,R 7SR - S,R -\l
ADSE = By [ 028 (1 + iy meH (1 +iyn) (6.11)
where
fﬁ;R is beginning-of-period (exclusive of interest) assets related to the spouse

pension for individual j of age a who first received spouse pension at age s and
whose late spouse was a retired member.

Eq. (6.11) is analogous to eq. (6.8) in that it requires assets (the left hand side) to equal the
forecasted value of discounted present and forecasted future costs associated with the spouse

pension.
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For the continued spouse pension, i.e. for a spouse pensioner who is a years old and experienced

the first period as a spouse pensioner at age s < a the budget condition reads:

af—|—1<y<aL

A = besz (L +in) |, a>s (6.12)

Eq. (6.12) is identical to eq. (6.11) except for the fact that there is no one-time pension.

For a given spouse pensioner eq. (6.11) or (6.12) should hold at each age at which the pensioner

is alive.

Spouses of disabled members

Premiums Disabled member j who experienced his or her first period as a disablement

pensioner at age d and who is now a > d years old pays a spouse pension premium equal to:

af <a<a"
Yy

q] a, d F bfa-i—l (1 + Zt(a+1 Z 7 y a+1 d (1 + Zt(T))
y=a+1 T=a+1

- (6.13)

where
q]SaDd is the spouse pension premium paid at age a by the disabled member j who first
received disablement pension at age d.
biaal is the one-time initial spouse pension, which (together with the life-long annual pension) initiates
the spouse pension to the a + 1 year old widow/widower 7 whose late spouse was
disabled member ;.
fyDS 4 is the at age s initiated life-long annual spouse pension to the y year old spouse )

who is the widow/widower after the disabled member j who first received
disablement pension at age d.

Eq. (6.13) thus states that the premium should cover the forecasted value of discounted
future costs associated with the spouse pension. Eq. (6.13) should hold for each age a at

which member j is alive.
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ZF,First

Pensions For the a (where a; +1 < y < a?PFast)s year old widow/widower after a

disabled member the first period spouse pension budget constraint reads:

ajZF,First + 1< y S aZF,Last:
ADSE = F, |65 (1+4Z)” +Zb]yad (1+iyn) (6.14)

T=a

where

B,S,D

iamd s beginning-of-period (exclusive of interest) assets related to the spouse

pension for individual j of age a who first received spouse pension at age s and
whose late spouse was a disabled member who first received diablement pension
at age d.

Just like eq. (6.8) above eq. (6.14) requires assets to equal the forecasted value of the
discounted sum of present and forecasted future costs associated with the spouse pension.
This is also the case for the budget constraint for an continued spouse pension, i.e. for a
pension to the a year old spouse who was widowed at age s < a, with the exception that in

the latter case there is no one-time pension. This condition thus reads:

Z F,First
a

ZF,Last
j .

+2<y<a

al

AT = Fa befsdﬂ T+ign) |, y>s (6.15)

y=a
For a given spouse pensioner eq. (6.14) or (6.15) should hold at each age at which the pensioner
is alive.

6.1.3 Disablement pensions

Kk

As mentioned above non-retired members are covered by the disablement pension insurance
until the age of a®. The budget constraints associated with premiums and pensions follow the

same principles as for spouse pensions and are given in the next two subsections.

Kkokk

>The youngest spouse pensioners after disabled members are those of age A°+2 whose spouses were disabled
at age A° and died at age A° + 1.
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Premiums In addition to the spouse pension premium the non-retired member j who is a
years old (where af < a < min [af, aR] ) also pays a premium to cover the disablement pension,
which is initiated in case the member is disabled and thus experiences the first period as a

disablement pensioner at age a + 1. For the premium to be fair it should be given by:
F . [,R R .
a; §a<mln[aj,a }

Y

al
02 = Fy |00, (Lt iasn)  + Y (bfy7a+1+qfﬁ+l> [] (@ +im) | (6.16)

y=a+1 T=a+1
where
qfa is the disablement pension premium paid by member j at age a.

bfa 41 Is the one-time initial disablement pension, which (together with the life-long annual pension) ini
the disablement pension to the a + 1 year old member j.

bP . is the at age d initiated life-long annual disablement pension to the y year old
disabled member j.

dj,4 18 the spouse pension premium paid at age y by the disabled member j who first
received disablement pension at age d.

The left hand side of eq. (6.16) is the premium paid at age a to cover the disablement
pension in case the member becomes disabled before turning a + 1 years old and thus receives
a disablement pension beginning af age a + 1. The right hand side of eq. (6.16) is the
forecasted value of the discounted sum of future disablement pensions and premiums to the
spouse pension insurance. The disablement pension consists of a one-time pension received in
the first period as a disablement pensioner (the first term on the right hand side) as well as
of a life-long annual pension included in the second term on the right hand side. The second
term also includes the premiums to the spouse pension insurance. These premiums appear as
payment from the pension fund to the member after disablement, because disabled persons
do not directly pay spouse pension premiums. Since disablement pensioners are still covered
by the spouse pension insurance, the premium is implicitly paid by the pension fund and may

therefore be considered as part of a ”gross” disablement pension from the fund.
Pensions For the a year old individual experiencing his or her first period as a disablement
pensioner (where af < a < min [af, aR}) the budget condition is
F . [.R R
a; <a§m1n[aj,a }

aL
AZE = Fu |08, (i) "+ D (0 + @) TT (14 i)™ (6.17)
y=a
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where

Aféfi is beginning-of-period (exclusive of interest) assets related to the
disablement pension for member j of age a who first received disablement
pension at age d.

Eq. (6.17) requires assets to equal the forecasted value of present and discounted future cost
associated with the disablement pension. Costs include a one-time initial disablement pension
(the first term on the right hand side) as well as the life-long annual disablement pension
included in the second term. In addition, since a disabled member does not pay for the spouse
pension insurance but is still covered by the insurance, the spouse pension premium is paid
by the pension fund and is therefore included in the costs associated with the disablement

pension in the second term on the right hand side.

For an continued disablement pension the one-time initial pension is no longer part of the cost,
so for the disabled member of age a who experienced disablement first at age d < a (where

af < d < min [af, aR]) the budget constraint is:

F L.
a; +l1<y<a”:
al
BD _ p

Yy
AZE =P |> (a+ ) [T +ie) | a>d (6.18)

y=a T=a

For a given disablement pensioner eq. (6.17) or (6.18) should hold at each age at which the

pensioner is alive.

6.2 Forecasting, pension undertakings and principles of
precaution

6.2.1 Actuarial constants

The preceding section presents the various budget constraints required to hold in order for
pensions and premiums to be actuarially fair. All these constraints require the pension fund to
forecast, among other things, future events of death or disablement. In doing this the pension

fund uses the following probabilities, which, as mentioned below, are chosen to be moderate
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in relation to actual mortality, disablement and marriage rates.

f% Probability used in period ¢ to forecast the event that an z — 1 year old member dies
before turning x years old.

fgt Probability used in period t to forecast the event that an z — 1 year old non-retired member
becomes disabled before turning = years old.

f;zt Probability used in period t to forecast the event that for an x — 1 year old member

there will be a living spouse in the following year (i.e. a spouse of age ).

It should be noted that these probabilities depend on both age and time, but not on gender
because according to rules stated by Danish authorities discrimination based on gender is not

allowed.b

The pension fund also needs to forecast the future value of the (after-tax) interest rate, which
is done by using the so-called base interest rate, ;. 7; is thus the forecast used in period t of

the actual after-tax interest rate of all future periods.

The probabilities and the base interest rate are part of the so-called technical basis’” of the
pension fund. Because the technical basis is used to calculate actual pensions and to make
promises about future pensions, authorities require the technical basis to be such as to avoid
making unrealistically high promises. However, since actual probabilities and interest rates
may change over time, this may require the technical basis to also change over time, which is
why the probabilities and the base interest rate are indexed according to the period ¢ in which
they are used. In should be noted however, that the technical basis is by no means changed

each period.

Based on the above probabilities we may now define the following actuarial constants

log = H (1 f%)
z=1
lﬁt = H (1 fx,t)

z=1

lo+ is the forecasted (in period t) probability of survival from time of birth to the age of a
and l;:t is the probability that a member is not disabled from time of birth to the age of a

(provided that the person has not died).® Based on these constants and the base interest rate

SHowever, different pension funds may be allowed to use different sets of probabilities. This feature is not
present in the model since the labour market pension system in DREAM is modelled as a unique pension fund.

"In Danish: 'Det tekniske grundlag’ or 'Beregningsgrundlaget’.

8The probability that a person survives from time of birth until the age of a and is not disabled during
that period is la,tlit.
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1 a
D,, = [,
ot ¢<1+@)

1 a
DA = 141,
a,t a,tba,t (1+Zt)

D, and Dét are finally used to calculate the following two fractions (where a < y):
Dye _ le (1 "
Doy oy \1+7%

- I o ()

we now define

r=a+1
and
Dye _ ly_At@( L >“
DZ, 12l \1+7%
[T - 1T 0= (=)
= 1—7P 1—@,( _>
r=a+1 ' r=a+1 ' 1+Zt
Dya

bt denotes the forecasted (in period ¢) discounted (using the base interest rate) cost of

promising a member of age a one monetary unit at age y conditional on the person being alive

at age y.

A

% denotes the forecasted (in period t) discounted (using the base interest rate) cost of
a,t

promising an active member of age a one monetary unit at age y conditional on the person

being alive and active at age y.”

For later use we note that

D 1- Fa,t Dy,t

y;t
= ~ & (6.19)
Dy 14 14+% Dgy
D 1+% D
2= — (6.20)
Da,t 1 - Ta,t Dafl,t
and
A =D =M A
Dy _ (1 —ray) (1 —7ad) Dy N (6.21)
D _ Sl Dy (6.22)
Dg (L=72) (1 —72%) Ditay
A
9The interpretation of ng and gﬁf also shows that although [,,; and lit denote probabilities starting

at birth, which may seem a bit odd, tﬁey are only used in expressions, which are based on the fact that an
individual has already survived until age a and for all practical purposes a will be at least af - the age at
which the member has entered the pension fund.
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6.2.2 Pension undertakings

When initiating a spouse pension in period ¢ to the spouse of a deceased member who was
either disabled or retired, the initial spouse pension is given by w? times the deceased member’s
disablement or retirement pension of the previous period.!Y The question remains, however, of
how to initiate disablement pensions to disabled members and spouse pensions to spouses who
have been married to non-retired members because in both these cases there is no pension
of the previous period which can form the basis of disablement or spouse pension. These

14

;a» Which are the basis

problems are solved by the definition of the pension undertakings, b
for the calculation of the various pension types that are offered by the pension fund. The
first year’s receipts of disablement pension and of spouse pensions for widows/widowers after
non-retired members are thus expressed in terms of the pension undertakings and therefore all
information relevant for the calculation of a specific pension in case of an event that releases the

pension is summarized in the pension undertaking.!! The pension undertakings are calculated

at every age, a, for each active member until the year before retirement, af.

6.2.3 Principles of precaution

Both the calculation of the pension undertakings and the pensions and premiums introduced
above in section 6.1 require that future pension undertakings, future premiums and future
pensions are forecasted. These forecasts are made given certain principles of precaution the

aim of which is to ensure .... The principles of precaution consist of:

e Low interest rate. In its forecasts the pension fund uses the base interest rate, 7, which
is lower than the (expected) after-tax interest rate i. This is done to reduce the risk of
promising too high future returns. Each year a correction is made to take account of the

fact that the achieved interest rate after tax in the specific year deviate from the base

0 Furthermore spouse pensions are assumed (in period ¢) to run for the entire remaining life of the spouse
but to decrease at the rate g; over time, which is meant to capture the fact that real spouse pensions consist
of two types:

e Pensions which run for entire remaining life of the spouse.
e Pensions which run for a limited number of years.
"For spouse pensioners of this category the initial value of the life-long spouse pension is given by w; times

the deceased member’s pension undertaking of the previous period and initial life-long disablement pensions
are given by w} times the pension undertaking of the previous period.
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interest rate.

e Moderate probabilities of death, disablement and marriage. In forecasting the
probabilities of death, disablement and the presence of a spouse to receive spouse pension
in case of a members death the pension fund uses probabilities that prevent promising
too high future pensions. This requires the probabilities of death to be lower than what
is actually expected and probabilities of marriage and disablement to be higher.'> Each
year a correction in the form of a bonus on accumulated assets for all members and
spouse pensioners is made to take account of the fact that actual patterns of death,

disablement and the presence of a spouse are different from what has been forecasted.

e Constant future contributions. The pension fund assumes the future contributions
for each non-retired member to remain at the present level. Each year a correction of the
pension undertaking is made to take account of the fact that the achieved contributions

in the specific year deviate from the contributions of the previous year.

e Constant future pensions. In its forecasts the pension fund assumes constant future

pensions over time. Forecasts are corrected each year according to the rules stated above.

e Constant future pension undertakings. When making forecasts the pension fund
assumes constant future pension undertakings over time. Forecasts are corrected each

year according to the rules stated above.!?

The principles of precaution regarding the probabilities, the interest rate, contributions, pen-
sion undertakings and pensions are summarised in the following table. It should be noted that
terms included in the technical basis, i.e. probabilities, the base interest rate and the constants
wp, w,;s and g7 used when calculating disablement and spouse pensions are indexed according
to time ¢ because it will later be important to keep track on the exact technical basis used when
making forecasts. The one-time initial pensions related to spouse and disablement pensions,
Bfﬁ, Bift, Z;i’ftand [;jD,a,t are not directly determined by the individual member, but are fixed

amounts determined by the pension fund. These may therefore also be changed over time

12 Actually, it requires probabilities of death used when calculating retirement, disablement and spouse
pensions to be lower than what is actually expected and probabilities of death used when calculating spouse
pension premiums to be higher than what is actually expected. However, we use the same set of death
probabilities for all purposes.

13 Actually this requirement is superflous in the sense that given constant future contributions and constant
future pensions it must be the case that future pension undertakings are constant.
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and are consequently indexed to time. For the various contributions, premiums and life-long
pensions related to the specific individual, we shall continue to suppress explicit reference to

time because this is implicitly given by the age of the individual.

The first table gives forecasts made in period ¢ regarding period 7 > t while the second table

gives forecasts made at age a regarding age y > a. The function ¢ (a) denotes the time period

in which the individual is a years old.

Variable Forecast made at time ¢
7:7 (2
M M
ra,‘r ra,t
~D ~D
TCC,T Tw,t
—S S
TCC,T Tw,t

7SN jS-N
j7a7T j7a7t
SR 7S,R
bj7a7T b.77a7t
78,D 78,D
bj7a7T b.77a7t
7D 7D
bj7a7T b.77a7t
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Variable Forecast made at age a

dj.y 9j,a

dj,y (jj,a
T
pIRR  BZFU. o < af
e 0z af

bS,N 1
jvyvs 1+gf(a)

SN
J:Ys$

SR
J:Ys$

S,R
b (1+glf(a)

y—s

S,D 1 S D

7,Y,8,d 1+gf(a) wy7t(a)bj7a,d7 a<s
y—a

S,D 1 S,D >

7,Y,8,d 1+gf(a) ) bma,s,d7 a S

D D U

bj,y,d wy’t(a)bm, a<d

D D

bjyd  Vja azd

Note that the forecasted spouse pensions also include the fact that life-long spouse pensions

are decreasing at rate g5 over time.

Finally, the pension fund needs to forecast the retirement age for non-retired member j, af.

This is done in the following way
E, (af) = af for a < a®
F, (af) = a+1fora>al

For non-retired members younger than the technical retirement age, a’?, it is thus assumed,

that they will retire at age a’®. For non-retired members who have reached (at least) the age
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of a'?, it is assumed that they will retire in the following period.

6.3 Derivation of individual pensions and premiums

This section combines the budget constraints for the calculation of premiums and pensions
with the forecasting procedures of the preceding section to calculate the actual pensions and
premiums of all types of individual. Compared with section 6.1 the order of presentation is
changed in that we begin with spouse pensions, proceed with disablement pensions before
finally calculating pension undertakings and retirement pensions. This is so because spouse
pension premiums need to be known in order to calucalute all other types of pensions, and
disablement pension premiums need to be known in order to calculate the pension undertak-

ings.

6.3.1 Spouse Pensions

Spouses of non-retired members

Premiums Using the principles of precaution to form the forecast in eq. (6.7) we obtain

. (a+1) D

S,N M _S 78N U y;t(a)

q‘;; - - Ta a Ta a b a + b

s 1T+ %) +Lt(a) a+1,t(a) | Yja+1,t(a y;l ( 1+ gt(a)> e Day1,t(a)
(6.23)

in case aZF First — o < aZFR

fﬁu(a)?f 1,4(a) is the combined probability that member j dies before turning a + 1 years old

and that there is a living spouse. The term in the paranthesis is the total forecasted cost of
the spouse pension given that the member has died. This includes the one-time initial spouse
pension, which is paid in the period after the death of the member, and it also includes the
life-long annual pension, which further takes into account the fact that the spouse dies with a
certain probability as time evolves and that the initital spouse pension is given by w bU

and decreases with rate gt(a) over time. The total forecasted cost in the paranthesis is measured

in present value at age a+ 1, that is the age of the spouse when the spouse pension is initiated.

Multiplication with (the first term on the right hand side) discounts this sum until the

1+7

time where the member is a years old and has to pay the premium.
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Defining

F L. 75N [, 7SN
a <a<a’:f,, T3, ot Tt b (6.24)
L

F L. 73S 1 M =S S 1 vy s Dyr
a <a<a g, 1+3 Tat1,tTat1,t Z ( s> Woym——  (6.25)

yoari N9 ' Dasar
~S,N
a=a": Bjap = ﬁft =0
Eq. (6.23) may be written
~8,N
(15 <a< af : q;'s::zN = ﬁjat(a +ﬁa Jt(a) Ua (626)

Pensions We derive the life-long spouse pension from egs. (6.8) and (6.9) using the prin-

ciples of precaution. For af” < a < al eq. (6.8) gives:

al y—a
B,S,N -1 [ 78N 1 S,N Dy,t(a)
AJ a,a (1 + Zt(“)) bj,a + Z ( 1 ) bj’“’a D, t(a) -

al y—a
- 1 D
B,S,N S,N S,N Hy,t(a)
(1+ i) AN =05 = (Hgf} )) b Dy (6.27)

For af” < s < a we use eq. (6.9) to obtain:

oL y—a D
AT = (14 i) Rl
y=a t( ) Da,t(a)
o 1\ oD
) (a)
(1 + i) AN = b (6.28)
e Em i) T Dar)
Defining
1
at <a<a®: gos, = (6.29)

egs. (6.27) and (6.28) directly yield:

of < a<a BN =68 ( (1 + i) AZSN 55N ) (6.30)
a"+1 < a<ad: bf(f\l. @f,t(a) (1 + iy Afai.N, a>s (6.31)

In addition to this, first period spouse pensioners receive a one-time initial pension equal to

7SN
b; at(a):
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ABSN

ias, we may also define the assets

Rather than using the assets at the beginning-of-period,
at the end of the period, ASY We have

7,a,8°
SN : B,S,N S, A 7SN
Ajﬂ a (1 + Ut (a) ) AJ a,a b] a,a bj,a <~ (632)
(1 +iya) AN = AT o0 0N (6.33)
and
a>s: Afcf\; = (14 dya )AfaSsN—bftf\g@ (6.34)
(1 + i) AZSN = AZN b5, (6.35)

Inserting either eq. (6.33) into eq. (6.27) or eq. (6.35) into (6.28) yields

ok . y—a D

a <a<a* Aftﬁ, = y§1 (%) bftf\g#tia), a>s (6.36)
Although end-of-period assets originate from past accumulation, eq. (6.28) shows that Aftfvs
may be thought of as the present value (at age a) of the forecasted present value of future
claims that the individual spouse pensioner has on the pension fund (or, equivalently, that
spouse pensions are calculated such that the forecasted present value of future claims equal

the assets). This interpretation is important when we are later to calculate the bonus of the

pension fund.
Spouses of retired members

Premiums The spouse pension premium paid by a non-disabled retired member, i.e. a
member of age a > a , is obtained in exactly the same way as was done for a non-retired

member. We use the principles of precaution to form the forecast in eq. (6.10) to get

1 (a+1) D
SR _ —M _S 7SR R y;t(a)
Qj,a - 1+ W Ta+1,t(a)ra+l,t(a) b] a+1,t(a) + y;—l ( 1+ gt )) y,t(a b],aD at1.4(a)

(6.37)
Compared with eq. (6.23) the only difference is that the one-time initial spouse pension is

now b>% which is based on

it 1,4(a) and the initital life-long spouse pension is given by w ta )bR

Jra?

the actual retirement pension of the deceased member instead of on the pension undertaking.

Using ﬁit defined in eq. (6.25) and the additional definition

FR

LR S SV 7SR
a < a<a”:f,, = FTaJrlt e Daiis (6.38)

y - L ﬁjy,t—o
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we have

S,R ~S,R
afﬁyﬁaL QJa _/gjat +/6at (639)

~S,R . . . .
note that Bf =0 it = 0 for a = a¥ so no spouse pension premium is paid at age ar.

Pensions In this case the spouse pension is derived in exactly the same way as was done
in the case of a widow or widower who was married to a non-retired member. We apply the

principles of precaution to form forecasts in eqs. (6.11) and (6.12). For af* < a < a” we have:

y—a
_ D t(a)

ABaSaR 1+ iy, 1 bSR bsfa Y,
s ( t(a) Z 1+gt(a J,a, Da,t(a)

y—a
D
A B,S,R SD S,R “y;t(a)
(1—|—zt(a)) A =0 § ( e, ) by Desie (6.40)

While for aff < s < a eq. (6.12) implies

y—a
1 D t(a)
ADSTE = (14 iy, — ] Y s
g ( 1@ Z 1+gt(a) 7% Da,t(a)

al y—a
1 D
1 ABSE _ pS-E Zut(a) 6.41
( + 'lt ) j,a,s yza 1+ gig(’a) 7,a,8 Da,t(a) ( )

Using the definition of ¢, in eq. (6.29), egs. (6.40) and (6.41) now yield:

S,R B,S,R 7SR
af < a<ad" 0 <pit(a) ((1 + i) Ajan — b5, ) (6.42)
a +1 < a<a* fJSaRS <pit(a) (1 + dea)) AfaSSR, a>s (6.43)

In addition to this, first period spouse pensioners receive a one-time initial pension equal to
7SR
bat(a)

Defining end-of-period assets, A>"  a

]as7

S,R B,S,R S,R 7SR
Ave = (L) An" = bjue = Ve © (6.44)
(1 + 7:t(a ) AJBaSaJE = Affa bffa bf(i(a) (645)

and

a>s: AT = (1+4i) AZSE -0 (6.46)
(1 + i) ADSE = ADE 4000 (6.47)
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Insertion of eq. (6.45) into eq. (6.40) or eq. (6.47) into eq. (6.41) yields

AL y—a
1 D
F SR S,r Hyt(a)
a" +1<a<a A7 = — b , a>s (6.48)
! y;rl <1+gf(a)> " Dagta

Just as in the case of spouse pensioners who were married to non-retired members, eq. (6.48)

shows that Ajzj SSR may be given the interpretation of the forecasted present value (at age a)

of the future claim that the individual spouse pensioner has on the pension fund.

Spouses of disabled members

Premiums By using the principles of precaution to form the forecast in eq. (6.13) we obtain:

y—(a+1)
. D
SD _ _M 7S pSP ot o
q],a .= T%Ta+1 4a) T at1,t(a) b],d-i-l t(a + Z ( 1+ gt(a)) Yyta) bj,a,d Da+1,t(a)

y=a-+1
(6.49)
In this case the one-time inital spouse pension is given by bsa HLt(a)? while the life-long annual
pension is initialy given by w, t(a)bf&d, which constitute the only differences compared with

the other types of spouse pensions premiums.
Using ﬁit defined in eq. (6.25) and the additional definition

F L7501 _u 75,D
a8 < a<a’:if,,= mra+1 Tart Diari (6.50)

~S,D
y = aL ﬁjyt—o

we have

S, ~S,D
a’f <a< (I qj,aDd _ﬁ],at(a +ﬁ ]ad (651)

Note that ﬁat = 0 for a = a” so no spouse pension premium is paid at age a®

Pensions In this case we apply the principles of precaution to form forecasts in egs. (6.14)

and (6.15). For a” +1 < a < a® we have:

al y—a
B,S,D . -1 [ 78,D 1 S,D Dy,t(a)
Aoaa = (L) | 07+ (1 + 95 )) Voo Dai(a)

y=a gt a

y—a
D
.z B,S\D _ 78, D S,.D y;t(a)
(1 + Zt(a)) A],a a,d b Z ( 14+ gt( > bj,a,a,d Da H(a) (652)
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While for a” +1 < s < a eq. (6.15) implies

oL Yy—a
o 1 Dy ()
AByS7D _ 1 + i . 1 bS,D Y, <:>
s = (L i)~ D 1+ g3t 745 Do a)

y=a
“f 1 Y " p D
1+ i) Afl) = pp et 6.53
(1 +i0) Ay yz_:a 1+ g5, S T (0:53)
Using the definition of ¢7, in eq. (6.29) egs. (6.52) and (6.53) now yield:
a”+1 < a<ad 030 =0l ((1 +iyay) AZST — ij) (6.54)
a" +2 < a<ad: ff&g’d = wfvt(a) (1 + dea)) Af&izv a>s (6.55)

In addition to this, first period spouse pensioners receive a one-time initial pension equal to

75,D
b at(a)”

S,D

Defining end-of-period assets, A;"" ;, as
Anea = (14 iuw) 45500 = Vot = Bt < (6.56)
(I +in) Al = AT+ b g+ 000 (6.57)
and
a>s:ATD o= (T4iye) ALSD =000 (6.58)
(1+ i) Afed = Ajusat Viasa (6.59)

Insertion of eq. (6.57) into eq. (6.52) or eq. (6.59) into eq. (6.53) yields

AL y—a
1 D
F L . ASD S.0 ypt(a)
a"+l<a<a”: A .= < b , a>s (6.60)
e :;.H (1 o) T Dt
Ajzj ’j;lD may thus be given the interpretation of the present value (at age a) of the forecasted

future claims that the individual spouse pensioner has on the pension fund.

6.3.2 Disablement pensions

Premiums Applying the rules of precaution to equation (6.16) yields the disablement pen-
sion premium:

1
1+ Ut (a)

L L
- — =50 Dy - s p v Dy

X bDa+1ta+ ﬁ tay%_l— (1+6t‘1)wt‘lb'a%
jratl,t(a) y;—l A )DaJrLt(a) y§1 ytle)) Tuta)7, Da+1,t(a)

Gu = vt (1= Tat1u(e) (6.61)
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Where we have also used eq. (6.51), which gives the spouse pension premium for disabled
members. The last two terms on the right hand side of the first line give the probability that
member j will survive but become disabled before turning a + 1 years old. The second line is
the forecasted total discounted cost associated with the disablement pension, both including
the one-time initial pension, the annual disablement pension and the premiums to spouse
pension insurance. This cost is measured in present value at age a + 1 and therefore the term
including the base interest rate in the first line is used to discount the cost to age a where the

premium is paid.

We now define

al’ < a< a*
~D 1 D _M S D Dy t
. = 1—7 + E 6.62
ﬁ],a,t 1 +7 a+1 t ( a+1, t a+1 t et ﬁj y,t Da+1,t ( )
a" < y < at
1 - D
D D —M y,t
= 1-— E 1 —_— 6.63
ﬁa,t 1 ‘I‘ - a+1 t ( TaJrl,t) ( + ﬁy t) ytD ey ( )

y=a-+1

This enables us to write the disablement premium of eq. (6.61) as

-D
af < a < min [aR aR] q]7 = Bjat@ + 3P ta)b (6.64)

Pensions The principles of precautions applied to the budget constraint for a disablement
pensioner, eq. (6.17), now yield:

. - 7D7a
ABD (14 i) B2, Z( (14 B ) B ) 5

a,t(a)

(14 i) Aol =5, oy + Z ﬁ] L y,m + Z +67, ”“Dy’za) (6.65)
where also the spouse pension premium of eq. (6.51) has been used.

For d < a we obtain from the budget constraint in eq. (6.18) and the spouse pension premium

n (6.51):

al

. . Dy
Afa= i) (ﬁft(a) (1+ Byia) Jad) Y e

y=a avt(a‘)

(1+ i) ABD = Zﬁm Dyste) +Z (1+65, DE; (6.66)
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Defining
~S,D p
S B B
o < a<a:i@P, = o i (6.67)
Zy:a ( + ﬁy,t) ﬁ:t
1
a < a<ad:pP = (6.68)

Z;ia (1 + ﬁ;t) %L

a,t

egs. (6.65) and (6.66) may be written as:

NB: ENDRET LF.T. DREAM

D D B,D -D
bj,a,a - (pa,t(a) ((1 + Zt ) A] a,a b] a t(a)) - (pj,a,t(a) (669)
BD -
bjD,a,d = Sp(gt(a) (1 + Zt ) A] a,d SOjD,a,t(aﬁ a>d (670)
In addition to this, first period disablement pensioners receive a one-time initial pension equal
to bP

Jra.t(a)

For later use we define end of period assets A] a4 10 terms of beginning of period assets, Af(’l?i.

We have
AP = (L+ige) AL =0, = 0P o — G (6.71)
(1 + it(a ) A]Ba?z = AjDa a (1 + Ba Jt(a) ) j,a,a + b] at(a) + ﬁj;a,t(a) (672)
and
a>d: AL, = (I+ige) ADL =00 — o & (6.73)
. ~S,D
(1 + Ut(a) ) AjBaDd = A]Da d + (1 + Ba Jt(a) ) 7,a,d + ﬁj,a,t(a) (674)

Inserting eq. (6.72) into eq. (6.65) or (6.74) into eq. (6.66) we obtain

S,D D t(a
ADa= Zﬁm z + Z (1465 ,) J“dD B o> d (6.75)
y=a+1 y=a-+1 it(a)

a < a<ad:

Once more it is seen that end-of-period assets are equal to the present value (at age a) of the

forecasted future claims that the individual disablement pensioner has on the pension fund.

6.3.3 Pension undertakings

Pension undertakings are defined as the forecasted value of the retirement pension provided

that the member retires at the forecasted retirement age and that no one-time initial retirement
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pension is chosen. Therefore pension undertakings are calculated from the budget constraints

of non-retired active members using the principles of precautions and equations (6.26) and

(6.64), giving spouse and disablement pension premiums. For af < a < min [af, aR] we get
use the budget constraint in eq. (6.1) to get:
AB,N i AB,N
aR—l A
D
D S N ,t(a)
1+Zt(a QJG_ jyt )+ﬁyta)b]a)_<ﬁjyt(a +ﬁyt(ab )) D?il()
y=a a,t(a
aL
Dyia)
e ].+Zt(a < +ﬁ yt(a +ﬁyta)b )DA =%
a=al a,t(a)
aft-1 DA
. ot t(a
(i) (AR +A0Y) + 3 drams
y=a at(a)
~ DA af*—1 DA
5 N y.t(a) D s U “yt(a)
- Z ( jwt@) T Pyt )) DA Z (ﬁyvt(a) + ﬁy,t(a)) bja DA (6.76)
a,t(a) y=a a,t(a)
S,R (a) D, (a)
P y t a y t(a
Zﬁgyt(a +Z 1+B ]aDA
y=all a t(a y—all at(a)
For o' <y < aff we use the budget constraint in eq. (6.2):
~ . —1 S,N
Af(;N + Af(;N + (1 + Zt(a)) (C.Zj#l - (6] at(a) + ﬁat(a ))
GL D
. -1 Jt(a)
— (]_ _I_ Zt(a)) Z <b§{a + /6] yt(a + ﬁyt a)b ) _Dy —~ &
y=a+1 a,t(a)
. ~ S,N
(1 + Zt(a)) (A'BJV =+ AB’N) + dj,a — <ﬁ] a,t(a) + ﬁa Jt(a) Ua)
L
— =SSR Dy v Dyia)
= Y By Doy Z (1455 ) b, ey (6.77)

y=a+1 y=a+1
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Defining
a < a<aR:g0aU,’tAE P Al - T (6.78)
ot (B4 By0) Bt + Saan (14 B5,) 5
1
R L A _
af < < PUA = . (6.79)
S a S\ D
Baet Xnears (1485, Do
af—1 D
2 y=a DI,
af < a<al: U= v Dex (6.80)
a,t aR_1 At al S\ Di
Z (ﬁyt—i_ﬁ ) sz’t +Zy:aR (1+By,t) ﬁ
1
R LR . JUaq —
at < a<aTipf = (6.81)
f,t + ZZia—H (1+ BS ) %
aR—1 ~D ~S,A qlast ~SRD
Zy:a ﬁjyt+ﬁjyt +Z aRBJytDA
F R.~-U _
a < a<a:igp,, = 1 D, . % (6.82)
Z (ﬁyt + B ) sz’t + Zy:aR (1 + 6y,t) Dédt
a_aﬁ,’ Dy
a* < a<d®: @Y = 2v=aFiipis (6.83)
J,a,t S 4 ZGL (1 —|—5S ) Dy ¢
a,t y=a+1 Yst) Da
both equtions (6.76) and (6.77) may be written as:
al < y<al:
voo_ BN | iB\N ~U
bj,a - gpa t(a) (1 + Zt(a ) (Ajva + Aj,a ) Spa t(a)QJ a gpj,a,t(a) (684)

In addition to, this we also want to calculate a forecasted once-time initial retirement pension
, which may be paid at the retirement age. For a < min [aR aR] using eq. (6.3) we obtain

(using the principles of precaution):

a R_q DA

ABN yt _ . —17y “aft(a)
A+ (14 i) Z Giapa f (1 +iyw) bl D7\ <
a a,t(a
alt—1 DA
. > all t(a
(1 + i) AZN + Z Gapi? = W ta) (6.85)
a,t(a)
For a®* < a < af we obtain
BN | ~ N . 17y Datia)
Aja +Ga(l+i) = (I4iw) bo—p =«
a,t(a)
Da—l—l,t(a)

(1 + i) A7y + o = B, (6.86)

Da,t(a)
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Defining
- 1
at <a<a: gan,’{q = - (6.87)
aR,t
D2,
R tr. ~vA_ 1
a'<a<a™: o Q.= po (6.88)
Da,t
gl Dy
- y=a D
a" <a<al: PUI= DA—’t (6.89)
’ aR,t
D2,
1
R LR . ~Uq
a'<a<a: o il =H— (6.90)
Da,t

Both equations (6.85) and (6.86) may be written as:
J

7 _UA , iBN | ~Ugq -~
af <a<al: b;{a = Goita) (1 + iya)) AL+ gpa,f(a)qj,a (6.91)

Now turning to the definition of end-of-period assets we begin with assets for one-time initial

retirement pensions: For a < af we define

ANy = (i) A + Gja & (6.92)
(1 + inw) AflzN = A~ G (6.93)

Inserting eq. (6.93) in eq. (6.85) for a < a’® — 1 yields

~ ~ DAR Ha) a1 DAt( )
a<a®—1:AN =Y, DA~ > qj,a# (6.94)
a,t(a) y=a+1 a,t(a)

Inserting eq. (6.93) in eq. (6.85) for a = a® — 1 yields

. DA
y=af —1: AN, =3~ (6.95)

7a A
’ Da,t(a)

Finally, inserting eq. (6.93) in eq. (6.86) for a” < a < aff yields:

~ D
R<a<alt: AY, =Y, =221 6.96
A (090

In all three cases we thus obtain that end-of-period-assets are equal to the present value of
expected future claims.

We now define total end-of-period assets for non-retired active members as, Afy + flfy for

a < min [af, "] as

AN+ AN = (1 +iya) (Af[;N + AZN ) t Qo — qr — @ & (6.97)
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(14 i) (AR + A7)
= AN+ AY, (6.98)
— <Qj,a - (BjD,a,t(a) + 5515(@)5;{@) - (55:1 (@ T 5(1 ta); ))
Inserting eq. (6.98) in eq. (6.76) we obtain for a < a® —1Aa < af:

a < aR—l/\a<af:

N AN
Ajia T Ajla
b S,N DA a)
7 2% U “ytla
= > <ﬁj,y,t<a)+ﬁj,y,t<a>> L+ Z vita) T Byaa)) b DA (6.99)
y=a+1 ata) y=a-+1 a,t(a)
< R Dy Dy
% ta t(a
2 B ph o +Z L+ Byuw) Y
y—all ata y=all a,t(a)
aff—1
t
- Y g
y=a-+1 (‘1)

Inserting eq. (6.97) in eq. (6.76) for a” — 1 = a < aff we obtain:

a®—1 = a< af :
AV + AT (6.100)
_wse D )b Djia
o Zﬁyt(a +Z +ﬁyt ja DA
y=all a t (a) y=aR a,t(a)
For a" < a < aff we define total end of period assets, A}, + AN
AN+ AN = (L4 i) (Af&N - AfaN) e — N = (6.101)
(1+Zt ) (ABN+ABN)
S,
= A;\a]a + Aj\v[a - (qjya - (ﬁ]at(a + ﬁa t(a b )) (6.102)
Inserting eq. (6.102) in eq. (6.77) we obtain:
all < a< af
aL
N iNoo_ 2SR Dy v Dy, Hy,t(a)
Aj7a + Ajva - Z 6j,y,t(a + Z + /gy t a) b] aD ( ) (6103)
y=a+1 y=a+1

Egs. (6.99), (6.100) and (6.103) thus all state the same; total end-of-period assets may be
thought of as the discounted value of all forecasted future claims that the non-retired member

has on the pension fund.
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6.3.4 Retirement pensions

We now finally consider a retired member. If the member has just retired, i.e. if a = aR the
member may choose to receive a part of the retirement pension as one-time pension. From eq.
(6.4) we obtain

a=al: bl = (1+iya)di, A% (6.104)

J,a”7],a

where Jf = 1, if the member chooses the pension, and Jf = 0 otherwise.

In addition to this, a lifelong annual pension, bfa is initiated and from eq. (6.5) we obtain
(using the principles of precaution and eq. (6.39) giving spouse pension premiums for retired,

active members)

B,R iR\ iB.R
AZF 4 (1-d) AT,

aL
N :
— (]_ + Zt(a)) Z ( + B yt(a + By t(a) b )) Da, ) =
y=a o

(1 + s (AB’R + (1 —d" ) AB’R>
Zﬁfﬁ Dy i(a) +Z (1+ 55, MD”(; (6.105)

Defining

1

R,A

P p— — (6.106)
Zy:a (1 + 65775) Dyt

a,

S Bt
y=a 7 J,y;t Dq 4

~R
Pjat = ok Dy (6.107)
Zy:a (]' + ﬁg,t) m
we may write the initial retirement period life-long annual retirement pension as
R.3R _ B,R iR\ iB.R ~R
a=alt bl =gl (14 i) (AD7+ (1 d8) A%) = 38, (6.108)
Finally, for af* < a < a" we obtain from eq. (6.6) and:
GL _D
. —1 t(a
APR = (i) Y (bR + B+ B sabE )—Dyti ; &
a,t(a
y=a ’
. B,R ~S,R Dy Py t(a)
(1 +inw) A" = Zﬁm +Z 1+ 65, ”D (6.109)

Using the definitions of goa ; A and goj ot rom above, we have

aff <a<a":bf, =gl (1+inw) AT — 0w (6.110)
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Finally, we define end-of period asset, AT, for a = af' as
AR, = (14 i) (AZT + AZR) = BR, = oft, — ¢ & (6.111)

~ ~ NS'7
(1 + isw) (Aff + (1 - dfa) Aff) = AR B+ (14 B ) BE (6.112)

where we have used eqs. (6.104) and (6.39). For a > af* we define end-of-period assets as

Al = (L) AL -0, — ¢l & (6.113)

(1+iya) AT = AR + ﬂjja,t(a (14 85 0 O, (6.114)
where we have used eq. and (77?)

Inserting eq. (6.112) in (6.105) or eq. (6.114) in (6.109) we get

Z B yt + Z 1405, ND’ He) (6.115)

y=a+1 y=a+1

This shows end-of-period assets to equal the discounted value of all forecasted future claims

that the retired active member has on the pension fund.

6.4 The bonus

The derivation of pension undertakings, pensions and premiums uses the disablement and
mortality rates entailed in the principles of precaution. As time evolves and disablement and

death occur, a correction has to be made for two reasons:
e Actual disablement and mortality rates differ from those used in forecasting.
e Members are not identical with respect to contributions.
The correction takes the form of a percentage bonus on the assets of all surviving individuals

and is calculated as follows.

Consider the members of age a — 1. At age a — 1 members have paid premiums to spouse
pension and (if not retired) to disablement pension, which may be initiated at age a, and each

individual (member or spouse pensioner) has end of period assets, A;,_1, as defined above.

Events of death and disablement are assumed to take place at the turn of each period. This

means that for the individuals of age a — 1, death and disablement occur at the end of the
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period in which they are a — 1 years old. Just after the turn of the period, that is at the
beginning of the period in which the surviving individuals are a years old, we caculate the

"required assets”, Afa, for all living individuals, j, with a claim on the pension fund.

For a given individual the required assets are given by the discounted value of present (at
age a) and forecasted future net claims of the individual based on contributions, pensions and
pension undertakings of the previous period, i.e. based on the 'promises’ that the pension fund
made in the preceding period using the information of that period. Using the base interest
rate these required assets are discounted one period further back to make them comparable

with end of period assets at age a — 1.

To be specific, consider a member 7 who became disabled at the end of period a—1. According
to the calculations of the pension fund in period ¢ (a — 1) this individual is now entitled to a

pension with a present (at age a) value of

Dy t(a—1)

;tla—1) =
]at(a 1 +Zﬁjyt(a 1) y( " +Z ]-+/8yta 1) Wy t(a— 1b§]a N5} 1)

The first term is the once—and—for—all pension initiating disablement pension while the second
two terms are the combined expenses to spouse pension insurance and the disablement pension.
It should be noted that all technical terms, i.e. Bfa,t(aq)a Bi’ft(a_l), 5 ta—1)s Dyta—1) and
wf’t(a_l) are those of period t (a — 1) because these are what were used in period t(a — 1)
when the 'promise’ of the disablement pension was made by the pension fund. Therefore, also
the life-long disablement pension is initiated using the pension undertaking of the previous
period, bja 1
We now discount the required assets at age a to period ¢ (a — 1) to make them comparable
with end-of-period assets of that period. This gives required assets (we use the base interest

rate in period t (a — 1) because this is what was used when making the calculations in period

t(a—1))

roo_ L
ha 14 %(a-1)
X +§ g, Dyttt +§ (1485 o)) WeanbY, Dyttt
]at(a 1) ]y,t(a 1) at(a 0 yt(a—1 yt(a 1)%j,a— 1Dat(a N
Comparison with eq. (6.61) shows that
1
AP — b (6.116)

a,a dj.a—1
7,Q, D M s
Ta,t(a—l) (1 - Ta,t(a—l))
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If we now instead turn to an on-going disablement pension the present value at age a of the
required assets to meet the calculated (as of age a— 1) disablement pension and spouse pension

insurance coverage is given by

L

S -5D Dy t(a-1) D Dy,ia-1)
Zﬁj,y,t(a 1)Da +Z 1+6yta 1 ) ]a—l,dDat(a

y=a -U

Discounting to the previous period and making use of eq. (6.20) we now get

ARD

7,a,d

B ~S8,D yt(a 1) Dy (a1
- 1+Zt(a1 Zﬁ yt(al +Z 1+ﬁyta 1) j,a— 1dDat(a 0

y=a

_ Z B L+ %@ Dy
1+Zt(a 1) Jytla=1) fM Da a

at(a—1) —a,t(a—1)
1 a 1+7 D
(a—1) y,t(a—1)
+— 1+ B 0 1)) b
1+ Y(a—1) Z: ( yitla—l ) ga—1 dl (]L\Jt(a 1) Dq—l,t(a—l)
_ ZBSD yt(a 1) +Z ‘I‘/g )b Dyt(a 1)
1_Tat(a1 jytla=1) ) Da—at(a-1) y,t(a—1)) Vja— 1dDa Lt(a—1)
1 D
- AP (6.117)
a,t(a—1

by comparison with eq. (6.75).
MERE OM FORTOLKNINGNERN

Equations (6.116) and (6.117) very clearly shows the basic insurance principle behind the
pension fund, which is to pool the risc of death and disablement among the members. We
focus on eq. (6.116) letting N | be the number of active, non-retired individuals of age a — 1.
If we assume that actual disablement occurs according to the probabilities of the technical
basis in period ¢ (a — 1), then the number of newly disabled pensioners of age a in period ¢ (a)

will be
N2 =Ty (1= 7)) Novy (6.118)
The total value of premiums paid be the active members at age a — 1 will be (assuming all

individuals are identical)

N D
Na lq]a 1
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while the required assets (measured in present value in period ¢ (a — 1)) to meet the claims of

the newly disabled at age a are (once again assuming that all individuals are identical)

1

R,D _ i
NawAjoa = Tata) (1= Taia) Naa

D
Zja—1
Tat(a—1) (1 - r%(a—l))

L.e. the total sum of required assets is exactly equal to the sum of premiums paid in the
preceding period. In a similar manner it may be shown that the total sum of the required
assets for ongoing disablement pension in eq. (6.117) for those who survive is exactly equal
to the sum of end-of-period-assets for disablement pensioners of the preceding period. It
should be emphasized that this result only holds if forecasted probabilities are correct and if
all members are exactly identical (and if the law of large numbers can be invoked). Because
this can not be expected to hold generally a bonus is needed. This bonus takes the form of a
percentage addition to the required assets in a given period, which ensures that the total sum
of end-of-period assets of the preceding period plus all premiums paid in that period should
equal the total sum of member’s assets at the beginning of that period. To be specific, the

bonus of period t is calculated as:

> ndividuals in period ¢1 (End of period ¢ — 1 assets + Premiums paid in period ¢ — 1)
bonus; = ‘ - — - -1
> Individuals in period ¢ Required assets at beginning of period ¢t

This bonus is then given to all individuals with a claim on the pension fund at the beginning
of period t by setting the beginning of period assets Aiy which are used above for all types of

pensions equal to required assets including bonus, i.e.
AP = (1+ bonusya)) AL, (6.119)

Thus it is assured that the sum of all Afa is equal to the sum of all end-of-period asset A;,_1

plus all premiums paid in period t (a — 1).

6.4.1 Overview of required assets

This section gives all required assets, which are found in a way similar to those of the preceding

section and with all derivations made formally in the appendix.
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Non-retired members

. . 1,ZF,U,0
Her skal ogsa vaere noget, hvor vi definerer A; nee

. . A1LZFRO
menklaturmaessigt A, nee

_ F  ARN _
a—aj.Aj,y =0

1

N

agaR/\aSaf:AR’N:

R R. gRN _ 1 N
at<a<a;:Aj = - Aoy
a,t(a—1)

— ,F . ARN _
a=aj; :A;;" =0

RN
aSaR/\a<af:Ajc’L =

A2
7y _ _ Ja—1
(1= ) (1= P2t

~ 1 ~
R R . RN N
at <a<aj:Aj;, ] f%(afl)Aj’afl
Active retired members
R R . iR.R 1
a=a; <a': AT =
S 1 =D 1 =M
- Ta,t(afl) Ta,t(afl)
_ 1 _
R R . iR.R N
a=a;>a": A= A
J J,a =M J,a—1
1 Ta,t(a—l)
R. iRR
a>a;: A" =0
R R . AR.R 1
a=a<av: A"

_ R R.4RR 1 N
a=a; >a": A} - Aj g
at(a—1)
R. sRR 1 R
a>aj; A, - Ajl
a,t(a—1)
Spouse pensioners
ARSN _ 1 S,N
P V Ba—1
a,t(a—1)" at(a—1)
RSN _ 1 SN
Aj7a7s - 1 _ fM Aj7a71757 a>s
at(a—1)
ARSR _ 1 S,R
jaa TM 7:5 qjyafl
at(a—1)" a,t(a—1)
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for de nyligt pensionerede, altsa no-

(6.120)

(6.121)

(6.122)

(6.123)

(6.124)

(6.125)

(6.126)

(6.127)

(6.128)

(6.129)

(6.130)

(6.131)

(6.132)

(6.133)

(6.134)
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RSR _ 1 S.R
J,a,s 1 — M A] a—1,s @>S
at(a—1)
ARSD _ 1 S,D
jva’7a7d o fM ,,,,S qjva’_lvd
a,t(a—1)" a,t(a—1)
RS,D 1 S,D
Aj7a7'57d - 1 _ 77M Aj7a71787d7 a > S > d
a,t(a—1)
Disablement pensioners
R,D 1
4 (71 a = qD -1
7,a, D 1 M J,a
Ta t(a—1) - Ta,t(afl)
AP — ;AD >d
j,a,d — 1 _ fM jva_17d7 a

a,t(a—1)

6.5 Evolution of pensions

Heptjulej - en indlende tekst.

(6.135)

(6.136)

(6.137)

(6.138)

(6.139)
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By using (6.110) we obtain
Jat a)

bfa = go ( (1+zt )

A%,
(6.119) = oy (1 +ir) (1 + bonusiw) A7 = 27 4o
0 1

R,A &
1) = G (1 i) (14 bomusi) ——— A%, — P
at(a—1)
1
R,A .
(6.115) = Pat(a) (1 + zt(a)) (1 + bonust(a)) M
at(a—1)
~S,R t(a—1) Dy ya—1)
B e S (1Y
Z It I)Da 1,t(a—1) yz; vl 1) & 1Dat(a 1)
_gpj,a,t(a)
1
R,A .
(6.19) = Pa,t(a) (1 + Z'f(‘l)) (1 + bonust(“)) 1 —7M
at(afl)
M _M
~S,R o at(a 1) Dyta 1) 1_Tat(a 1) Dyta 1)
B e + > (1485 10-1) bfae
Z 7y 1) l‘l‘zt( —1) Data 1) yz; i 1 J ' 1+Zt(“ 1) Dat(a 1)
_Spj,a,t(a)
1+
= oA T (14 bonusya))

1 1+ Tyam1)

~S,R y,t(a—1) Dyt(a 1)
E:ﬁMtGUD o '+§:1+5wm1)yay§§:;

_Spj,a,t(a)
rRA 1Tl

= Pai(a) 1+ 2o (1 + bOnuSt(a))

~R
Piat(a-1) L R

X ( R,A + RA bja 1
(pa,t(afl) Soa,t(afl)

~R
~Pjat(a)
R,A . R,A .
_ faiw 1+ (1 + bonusy )) bE Pate) 1+ inta (1 + bonusy )) o (a—1)
= — a ja— — a j,a,t(a—
gpf,:?afl) 1 + Zt(afl) ! f,;?afl) 1 + Zt(afl) J

. . . . . . ~R o
Assuming that there is no one time spouse pension, i.e. assuming Cjat = 0 we get

R,A

Pai@ 1+ i) R
i = - (1 + bonusya)) b,y
I 905,;(4(171) 1+ Y(a—1) s

Furthermore, assuming no change in the technical basis from period t (a — 1) to period ¢ (a)

we have
1+ Ut(a)

bl — —
I+ %(a—1)

7,

(1 + bonust(a)) i

7,a—1

This shows the ...
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6.6 Average pensions

Om j og k.

6.6.1 Non-retired members

For any variable, X}

The average relations are

aF§a<aLR
aF§a<aR
aF§a<aLR
aF§a<aR

aR§a<aLR

,a,e,t?

aF§a<aLR:
aF§a<aLR:
aF§a<aLR:
a=a
af <a<a™®

al® < a<a"?:
a=a
af < a < af®?

related to non-retired members, we define the average value as

qkat

D
qk,a,t

N
Xk,a,t -

a N N
Ze:aF Nk a,e th,a,e,t
NN

k,a,t

S U
ﬁk ,a,t + a,tbk,a,t

o D U
- ﬁk,a,t + ﬁa,tbk,a,t

bl[c],at ‘Pat (1+Zt)<Akat+Akat)+90atQkat <Pl[g],a,t

. SN
Ak at T (1 + Zt) (Ak: a,t + AkBaJ\i) + Qkat — qlga,t - qk,a t Ak a,t

kat

AD

kat

Akat

R,N
Akat

R,N
Akat

A

kat

A

kat

1R,N
Akat

Akat

1R,N
Ak,a,t

1R,N
Ak,a,t

(1+Zt)< kajz_l—Akat)_l_kaaat_qli’at Akat
(1+i) A kat+%at

(1 + bonus;) Aﬁ’ﬁ
(

1 + bonusy) AkRLf\;

0
! N Neai
=D —M Ak,a—l,t—l 1-—5—
(1 - Ta,tfl) (1 - Ta,t—l) Nj, at
1 N
(=70 (L) ket
1 N
(1 o fé\ﬁfl) ka—1,t—1
0
! i Neai
=D —M Ak,a—l,t—l 1-—F—
(1 - ra,t—l) (]' - ra,t—l) Nk ,at
1 AN
(1= rB) (L= ) e
1 AN

m ka—1,t—1
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6.6.2 Retired members
FR —1
_ Z?ZG,FR Z =al’ Nkar,e,thva‘vrvevt
Xk,a,t = N
k,a,t
NB (iﬁa’t er ikke et gennemsnit; det antages, at den er den samme for alle.
FR L
a"<a<a qkat 5kat+ bkat
FR LR R ~R
a §a<a bk,at Soat (1+Zt) (Akat+( dkat) Akat)_ k,a,t
LR L. R B,R  ~R
a <a<a’: k,a,t — Spat (1 + Zt) Akat k,a,t
aFR§a<a,LR bkat (1+Zt)dkatAkat
FR LR R :
a<a<a :(1+Zt)< kat+Akat> bkat bk,a,t_qk,a,t
FR L . _ )
a <a<a’: _(1+Zt)Akat bkat k0.t
FR L. _ RR
a't <a<a": Akat—(l—l—bonust)Akat
™ < a <a® AkBﬁ = (1 + bonus;) flﬁﬁ
1
FR RR N
a=a "": A = g
k,a,t (1_7D)(1_,F[]1\74t) k,a—1t—1
1 R, Init 1 R,Ini
FR R R k,a,t N k,a,t
ot <a<af: APE = 1-— + A
= a7 ha—1,t—1 ka—1t—1
“ - a,t “ Nkat (]_—’T‘ )(1—’/" ) T Nkat
R,Init R, Init
1 N 1 ’
R LR k,a,t N E,a,t
ot <a<a"i AL = T A | 1 R + Afa11 R —
“ 1- at o k,a,t (1 - ra,t) - Nk st
1
LR L. RR
a"f<a<a": AL = g Al
1- at
a = aFR . A — 1 AN
kat (1—T )(1_7; ) k,a—1,t—1
1 R, Init
FR R TRR TN k,a,t
at<a<ar: = _Fat
— k,a,t (1 . a,t) (1 . 7:(]1\,415) k,a—1,t—1 NkRat
1 R,Init
a <a<a: AN = N —Eat

6.6.3 Disabled members

mAk,a—l,t—l N

k,a,t

For any variable, X;” ;_,, related to disabled members, we define the average value as

)

Z —al +1 Ze af Nkadethadet

,tl,t

D
k,a,t
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except for Bk’aa’t, which is equal to Bﬁk),a,t’ since it is independant of e in the first place.

F L .
a <a<a”: qkat 5kat+ bkat
F . D _..D ~D
a = +1: bk,a,t = Part ((1 + Zt) Ak Ja,t bkat) — Prat
D, Init
F R . D _ D ka,t -D
a +l<a<a™: bk,a,t_(pa,t (1+Zt)Akat bkat — Prat
Nkat
R LR . ~D
a <CL§CL . bkat Soat(l—{_zt)Akat Spk,a,t
F . S,D
a=a +1: Akat_(l—i_zt)Akat bkat bkat qkat
D, Init
F R k,a,t S,D
a +1<a<a Akat—(l"‘zt)Akat bkat bkat ~ Qpat
Nkat
R LR . S,D
a*<asa : Akat (1+Zt)Akat bkat qk,a,t
a <a<a® Akat:(1+bonust)Aﬁ’aef
1
F
a=a +1: Ak = Qs
_D _M 7a7t
“ Ta,tfl (1 - Ta,tfl)
1 D,Init 1 D, Init
F R D k,a,t R k,a,t
a +1l<a<at: Akt: q + 11— —
> D M k,a,t M k,a—1,t—1 D
¢ ra,tfl (1 - ra,tfl) Nkat (1 - Ta,tfl) Nk Ja,t
1 D, Init
R L . o k,a,t
a"<as<a: Akat_liAka 1,i—1 I_T
( rﬂt 1) k,a,t

6.6.4 Spouse pensioners

We define

1
H_Nl;g

a,t

a
§ : 2 : SN
X k ,a,8,e,t k ,a,8,e,t

s=al"+1 e=al

s—1 -
§ : § : § : SD
+ k a,s,d,e,t k ,a,8,d,e,t

s=al"+2 d=al +1 e=al’

s—1 aof'E

2 : 2 : 2 : SR
+ k:asret ka,s,r,e,t

s=atf'B41r=afR e=al
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_ F . S
a=a +1: bkat Pa,t ((1+Zt)Akat bkat)
SN, Init S,D, Init
F FR S o S k,a,t ~S,D kat
a +l<a<a t — Pat (1+Zt)Akat bkat N kat  arS N
k,a,t k,a,t
S,N,Init S,D,Init
R LR . S o S kat ~S,D kat
<a<a": t = Pat (1+Zt)Akat bkat NS - Vkat NS a
k,a,t k,a,t
S, D, Init S,R,Init
LR L. s 5 k,a,t ~S,R k,a,t
a’t<a<a”: t = Pat (1+Zt)Akat bkat NS kat NS
k,a,t k,a,t
_ F
a=a +1 Akat (1+Zt)Akat bkat bkat
SN, Init S,D, Init
7 FR k,a,t 7S,D ~ "k,a,t
a +1<a<a Akat (]-_I_Zt)Akat bkat bkat NS © Tkat NS
k,a,t k,a,t
S,N,Init S,D,Init
FR LR . 7SN *Vk,at 78D "kt
at<a<a"t: Akat—(l-i-it)Akat Drar = Okar s NS T Vkat NS
k,a,t k,a,t
S,D,Init S,R,Init
LR L. S k,a,t _ 7SR “kait
at<a<a: Akat_(]'_l_zt)Akat 0%t — bkat NS kat NS
k,a,t k,a,t
F L. . R,S
a’ <a<a": Akat = (1 + bonus;) Ay,
1
_F . S,N
a=a +1 Akat ~ M S Ea—1,t—1
a,t—1"a,t—
1 NSNInit S,D,Init
F FR k,a,t kat
a +l<a<a t: Akatzil Akaltl 1-— NS — NS
- Tat 1 k,a,t k,a,t
S,N,Init
1 s Ny
N k,a,t
‘I_ 2
M =S ba-1t-1 NS
Ta,t—lra,t— aTh Nk,a,t
S,D,Init
i 1 qS’D Nkat
M =S ka—1,t—1
Ta,tflra,tfl T Nk ,a,t
S,N, Init S,D, Init
FR LR . RS k,a,t k,a,t
a <a'§a' . k‘,a,t_]_ ,r, Ak‘a 1,t—1 1- N - N
a,t—1 k,a,t k,a,t
S,N,Init
I 1 qS’N Nkat
M =S Ea—1,t—1 S
ra,t—lra,t—l aTh Nk,a,t
S,D,Init
i 1 qS’D Nkat
M =S ka—1,t—1
Tat—1Tat—1 T Nk ,a,t
S,R,Init
i 1 S,R Nkat
M =S ha—1t-1 NS
Ta,tflra,tfl A Nk,a,t
1 S,N, Init NS D, Init
LR L. RS k,a,t kat
a <a§a . Ak,a,t_l_ Aka 1,t—1 1- N NS
Tat 1 k,a,t k,a,t
S,D,Init
I 1 S,D Nkat
M =S ka-1t-1 NS
Ta,t—lra,t— aTh Nk,a,t
S,R,Init
i 1 qS’R Nkat
M =S ka—1,t—1
Tat—1Tat—1 T Nk a,t
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7S,R

ISR
k,a,t

S, R, Init

kat

kat  arS N
k

,a,t

S,R,Ini
k,a,t

S
Nkat



162 CHAPTER 6. PENSIONS

6.6.5 Member stocks

Non-retired members

New members enter into the pension fund over time and since accumulated assets and thus
pension undertakings and so forth depend on how long they have been members we need to
keep track of the time of entry into the pension fund. Let N,Y, ., be the total number of
members of category k and age a in period ¢ who entered at age e < a. The total stock of

active, non-retired members of category k and age a in period t is therefore

a

NN =D NN (6.140)

e=al’

Because no new members enter the pension fund after age af® —1 the definition in eq. (6.140)

may be written as
FR
a 1

NYo= D> NN (6.141)

e=al’

for a > af'R.
For later use we invoke the following notation

N,Init N
Nk,a,t — Nk,a,a,t

with
Nt = NY =0, a>d"™® (6.142)

k,a,t

We let 4%, , be the fraction of the stock of members of age a — 1 who are no longer members
at age a, either because they have died or because they have left the country. NOTE om
emigration. Similarly we let TkD@’t be the fraction of non-retired members at age a — 1 who are
disabled and who experience their first period as disablement pensioners af age a. We note
that the oldest member to become disabled in the following period are those of age y = af* —1.
We assume that both ;% , and 7, , are independent of the age of entry into the pension fund,

and we thus have
a < a NN =0=rl) A=t )Ny e e<a (6.143)
a < a<ad" N =1 =rin) Niaqes, €<a (6.144)

This now gives the evolution of the stock of active, non-retired members as

y=a" NN, =N ., = N,fc;{;”t (6.145)
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a
F FR . N — N
a’ <a<a T:Ng,, = Z Niaet
e=al’
a—1
_ N N
- Z Nk,a,e,t + Nk,a,a,t
e=al’
a—1
_ D M N N,Init
- Z (]' - Tk,a,t) (]' - rk,a,t) Nk,a—l,e,t—l + Nk,a,t
e=al’
a—1
_ D M N N,Init
- (1 - Tk,a,t) (1 - Tk,a,t) Z Nk,a—l,e,t—l + Nk,a,t
e=al’
_ D M N N,Init
= (1- Tk,a,t) (1- Tk,a,t) Nia—14-1 T Niay (6.146)
a
FR R N N
a <a<a Nk,a,t - Z k,a,e,t
e=al’
a—1
_ N
- Z k,a,e,t
e=al’
a—1
D M N
- Z (1 - rk:,a,t) (1 - rk,a,t) Nk,afl,e,tfl
e=af’
a—1
_ D M N
- (1 - Tk,a,t) (1 - Tk,a,t) Z Nk,a—l,e,t—l
e=al’
_ D M N
- (1 - Tk,a,t) (1 - Tk,a,t) Nk,a—l,t—l (6147)
a
R LR N N
a*<a<a": N, = Z Niaet
e=al’
a—1
. N
- Z Nk,a,e,t
e=al’
a—1
_ M N
- Z (]' - rk,a,t) Nk,a—l,e,t—l
e=al’
a—1
M N
= (1 - Tk:,a,t) Z Nk,afl,e,tfl
e=al’
_ M N
- (1 - Tk:,a,t) Nk,afl,tfl (6148)
Active retired members
Non-retired (active) members retire in the age interval between a** and o"*. Let N[, ., be

the total number of members of category k and age a in period ¢ who retired at age » < a and
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entered at age e < r. The total stock of active, non-retired members of category k£ and age a

in period ¢ is therefore

Nkat_ Z Z karet (6149)

r=al'B e=al
where the summation over e stops at age a® — 1 because no new members enter after this

age.

LR

For a > a™* we have

a—1 aof

Nkat Z Z karet (6150)

r=af'R e=al

OM UDVIKLING OG OVERGANGSSANDSYNLIGHEDER

We then have the following evolutions
a‘FR <a< a‘R : lea,a,e,t - (1 - rl?,a,t) (1 - fr‘l]c\iz,t) rlia,tNli\,[afl,e,tfl (6151)

R LR . pn7R _ M R N
<y <a : Nk,a,a,e,t - (1 - rk,a,t) rk,a,tNk,afl,e,tfl (6152)

For later use we define

R < g <af
FR 1
R,Init __ R
Nk Ja,t = E : Nk,a,a,e,t
e=al’
af'B—1
_ D M R N
- E (1 - rk,a,t) (1 - rk:,a,t) Tk,a,tNk,afl,e,tfl
e=al’
afR_1
_ D M R N
- (1 - Tk:,a,t) (1 - Tk,a,t) Tk:,a,t E Nk,afl,e,tfl
e=al’
_ D M R N
= (1 - Tk,a,t) (1 - Tk,a,t) TeatVea—14-1 (6.153)
< a < atE
a1
R,Init __ R
Nkat = E : Nk,a,a,e,t
e=al
af'R_1
_ M R N
- E (1 - Tk,a,t) Tk,a,tNk,afl,e,tfl
e=al
af'B—1
_ M R N
- (1 - Tk,a,t) Tk:,a,t § Nk,afl,e,tfl

e=al’

= (1 - lec\,Ja,t) Tlia,tNli\,]afl,tfl (6154)
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And we note that

a1

RInzt R o LR
kat E : § : karet E : Nk,a,a,e,t_()fora>a

r=a e=ql e=al’

The evolution of the number of retired members is given ny

R _ M R
Nk,a,r,e,t - (1 - ra,t) Nk,afl,r,e,tflﬁ r<a

For the total number of retired members we have:

FR .

R _
Nk,a,t - E § : karet

r=af'B e=af

a af'F-1

_ E E R
- Nk,a,r,e,t

r=a e:aF
aff—1

_ E R
- Nk,a,a,e,t

e=al’

o Rinit
Nkat

CLFR < a< CLLR

R _
Nk,a,t - § § karet

r=af'R e= aF

a—1 af
- E E kar,e,t+§ E karet
r=af'R e= aF r=a e=qF
a—1 af af' R
_ E E M R E R
- Tk:,a,t) Nk,afl,r,e,tfl + Nk,a,a,e,t
r=af'R? e=al e=al’
a—1 afB—

R, Init

= ( Tkat Z Z Nka 1,ret— 1+Nkat

r=af'R e=ql’

_ M R R,Init
- (1 - Tk,a,t) Nk,afl,tfl + Nk a,t
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(6.155)

(6.156)

(6.157)

(6.158)
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a > a"®:

R _
Nk,a,t - § § karet

r=af'R e=al

a—1 af'B—

- Z Z karet

r=af'R e= aF

a—1 af

- § : E : /rkat Nka 1,ret—1

r=alf'R e=al

a—1 af

- (1 Tktlt Z Z Nka 1,r,e,t—1

r=af'? e=al

= (1 - T%z,t) leaq,tﬂ (6.159)

Disabled members

a d—1
Né,)a,t - Z Z Nk?a,d,e,t (6160)

d=a¥f +1 e=al
For a > a® we have
Nkat Z Z k,a,de,t (6161)
d=a¥f +1 e=al

For later use we define

D Inzt
Nkat § :Nkaaet (6162)
e=al’
We have
D _ ..D M N
Nk,a,a,e,t - Tk,a,t (1 - Tk:,a,t) Nk,afl,e,tfl (6163)
a—1
D Jnit
k ,a,t k ,a,a,e,t
e=al’
a—1
_ E M N
- rk,a,t) Nk,afl,e,tfl

= Tkat Tkat § Nka leit—1

e=al’

= Thas (1= 7100) Niao141 (6.164)
The number of disabled members evolves according to

Niader = (1 — r,ﬂgt) N,fa,l,d,e,t,l, a>d (6.165)
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And thus we have

a = a +1:

a d—1
D _ § : 2 : D
Nk,a,t - Nk,a,d,e,t

d=af +1 e=al
a—1

_ D
= D> Nuaer

e=al’

= NI (6.166)

ad"+1 < a<a®

a d—1
D _ E E D
Nk,a,t - Nk,a,d,e,t

d=af +1 e=al

a—1 -
= Z ZNkadet+ZNkadet

aF+le =af e=aF

a—1 —
_ E § M D D,Init
- rk,a,t) Nk,a—l,d,e,t—l + Nk a,t

d=af +1 e=al

a—1 —
D, Init
= (1_Tkat E E Nka Ldet—1 T Ni oy

d=at'+1 e=al

= (1=7%0) N + N (6.167)

a® < a<al

a d—1
D _ E : E D
Nk,a,t - Nk,a,d,e,t

d=at +1 e=al

a—1 —
- 2 : E : kadet

d=af +1 e=al

a—1 —
= E E Tk:at)Nka l,d,e,t—1

d=aF+1 e=al

a—1 —
- (1 /rkat Z ZNka l,de,t—1

d=af +1 e=al

= (1 - Tlgiz,t) Nk,afl,tfl (6.168)
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Spouse pensioners

We define
a s—1 — s—1 af
Nlia,t: Z Z kaset+ Z Z Z kasd,e,t_l_ Z Z Z kasret
s=al' +1 e=al" s=al"+2 d=aF +1 e=al’ s=al'B41r=af'R e=ql

with adequate corrections depending on actual age!
For later use we define

) a—1

Neg™ = Y N (6.169)
e=al’

a—1 —
S,D,Init __
Nkat ' Z Z kaadet (6170)
d=at"+1 e=al

a—1 af

Ngcﬂlnit Z Z kaaret (6171)

r=al'? e=al

We have the following evolutions

S,N — oM N
k,a,aet T k,a,t” "ka—1,et—1
_ D
Nkaaet o katNka 1,d,e,t—1
_ R
Nkaaet - katNka 1,re,t—1
This gives us
a—1
S,N,Init __ § S,N
Nk,a,t = Nk,a,a,e,t
e*aF
: : rk: ,at k a—1l,et—1
e=al’
k ,a,t : : k a—1let—1
e=al’
_ M N
o Tlfc,a,tNic,a—l,t—l

a—1 —
S,D,Init __ § : § :
Nkat - kaadet

aF+1e al’

a—1 —
- Z Zrkat k:a 1,d,e,t—1

d=at"+1 e=al

a—1 —
- ric, Z Z ka 1,d,eit—1

d=af +1 e=al
M nD
k ka—1,t—1
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a—1 af

S,D,Init __ § :
Nkat - § : kaaret

r=al'? e=al

a—1 of'E

- Z Z kat ka 1,ret—1

r=af'R e=al

a—1 af'B—

- kat Z Z ka 1,ret—1

r=af'R e=al

_ M R
- rk,a,tNk,a—l,t—l

for a > s we have

Nkasxet_(]‘ Tkat)Nka 1,s,x,e,t—1
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